It has been conjectured that the stably ergodic di eomorphisms are open and dense in the space of volume-preserving, partially hyperbolic di eomorphisms of a compact manifold. In this paper we deal with two recalcitrant examples; the standard map cross Anosov and the ergodic automorphisms of the four torus. In both cases we show that they may be approximated by stably ergodic di eomorphisms which have the stable accessibility property.
Introduction
It has been conjectured in PS2] that the stably ergodic di eomorphisms are open and dense in the space of volume-preserving, partially hyperbolic di eomorphisms of a compact manifold. Recall that a di eomorphism f : M ! M of a compact manifold M is partially hyperbolic if the tangent bundle TM splits as a Whitney sum of Tf-invariant subbundles:
TM = E u E c E s ; and there exist a Riemannian (or Finsler) metric on M and constants < 1 and > 1 such that for every p 2 M, m(T p fj E u) > > kT p fj E ck m(T p fj E c) > > kT p fj E sk > 0:
(The co-norm m(A) of a linear operator A between Banach spaces is de ned by m(A) := inf kvk=1 kA(v)k.) The bundles E u , E c and E s are referred to as the unstable, center and stable bundles pof f, respectively. A degenerate example of a partially hyperbolic di eomorphism is an Anosov di eomorphism, for which E c = f0g. We give more examples below. If f is C k and partially hyperbolic, then its stable and unstable bundles are uniquely integrable and are tangent to foliations W u f and W s f , whose leaves are C k . A partially hyperbolic di eomorphism is said to have the accessibility property if, for every pair of points p; q 2 M, there is a continuous path : 0; 1] ! M such that Partially supported by an NSF grant 1 (0) = p, (1) = q, There exist 0 = t 0 < t 1 < < t n = 1 such that ( t i ; t i+1 ]) W a i f ( (t i )); where a i = u or s, for i = 0 : : : n ? 1. The path is called a (n -legged) W u f , W s f { path. The unstable and stable foliations of a volume-preserving Anosov di eomorphism have the accessibility property, since they are transverse. More generally, a pair of non-transverse foliations can have the accessibility property; in this case accessibility is a global version of non-integrability of the pair of foliations.
Partial hyperbolicity is an open property in the C 1 topology on M, and so any di eomorphism g of M that is su ciently C 1 -close to the partially hyperbolic di eomorphism f has stable and unstable foliations W u g and W s g . We say that f has the stable accessibility property if every g su ciently C 1 -close to f has the accessibility property.
It is an open question whether accessibility implies stable accessibility.
A volume-preserving C 2 di eomorphism is stably ergodic if every su ciently C 1 -small, volume-preserving perturbation of it is ergodic. In PS2] it was shown that C 2 , volume-preserving, partially hyperbolic di eomorphisms with the stable accessibility property and which satisfy certain other technical hypotheses are stably ergodic. In the direction of proving the stable ergodicity conjecture, it is further conjectured in PS2] that the stable accessibility property is open and dense among partially hyperbolic di eomorphisms.
In this paper, we consider two examples of partially hyperbolic di eomorphisms which do not have the accessibility property. In fact, in these examples, the foliations W u and W s are non-transverse and jointly integrable. We prove that these examples can be arbitrarily closely approximated in the C r topology 2 r 1 by di eomorphisms that are stably ergodic and that have the stable accessibility property.
Nontrivial center behavior
Let T n = R n =Z n be the n-torus. We will write this group additively.
Let be a real parameter. The standard map g of the 2-torus is de ned by g (z; w) = (z + w; w + ( sin(2 (z + w))):
It preserves the symplectic form dz^dw. By KAM theory, for all values of near 0, g has a positive-measure set of invariant circles. For such parameter values, this map is persistently not ergodic; any su ciently nearby C 1 symplectic map will fail to be ergodic.
If we add some transverse hyperbolicity to this example a very di erent phenomenon
is a C r , symplectic Anosov di eomorphism, then f g is not ergodic for small ; it has a positive measure set of invariant, codimension-1 tori. But now, f g may be approximated by a stably ergodic di eomorphism, and all of these invariant tori disappear. This result should be contrasted with the work of Cheng and Sun CS] , Herman (summarized in Y]), and Xia X] , showing the persistence of codimension-1 invariant tori in non-hyperbolic situations. , and the hyperbolic subalgebra h is two dimensional, as is h b, and so Corollary 0.2 does not apply: f A does not have the accessibility property. In this paper, we prove:
Theorem C: f A can be approximated (in the C 1 topology) arbitrarily well by a stably accessible, stably ergodic di eomorphism. It is still an open question whether f A itself is stably ergodic. The same techniques that porve Theorem C also show:
Theorem D: Any ergodic automorphism of T n that induces an isometry on the center space g c can be C 1 approximated arbitrarily well by by a stably accessible, stably ergodic di eomorphism. The techniques of this paper do not, however, extend to all ergodic, partially hyperbolic a ne transformations.
1 Preliminaries
Recently, Pugh and Shub have proved:
is a center bunched, partially hyperbolic, stably dynamically coherent di eomorphism that is stably accessible, then f is stably ergodic. In the proofs of Theorems A and C below, we rely on this result to show stable ergodicity.
A partially hyperbolic di eomorphism f is center bunched if, for every p 2 M, the quantity c = kT p fj E c f k=m(T p fj E c f ) is su ciently close to one. The property is C 1 -small perturbations of f are also dynamically coherent. This is the case for f g and f A in Theorems A and C, as we verify in the next section. The heart of the matter in proving Theorems A and C is to produce perturbations of f g and f A that are stably accessible, and this is the focus of the following sections. , \x", \y", and \p" to refer to points in T 1 , and \q" and \r" to refer to points in T 2 . The symbols \z" and \w" are reserved for the T is a di eomorphism with d C 1(h; f g) < 0 , then h is partially hyperbolic, center bunched and dynamically coherent (see the discussion in Section 1). Fix this 0 .
In order to apply Theorem 1.1 to prove Theorem A, it now su ces to show that f g can be approximated aritrarily C 1 well by a symplectic, stably accessible di eomorphism.
We 2. Z t (f(0; 0)g T 2 ) = f(0; 0)g T 2 , and W t (f(0; 0)g T 2 ) = f(0; 0)g T 2 .
3. If jw 2 j < , then Z t (0; 0; z 2 ; w 2 ) = (0; 0; z 2 + t; w 2 );
and if jz 2 j < , then W t (0; 0; z 2 ; w 2 ) = (0; 0; z 2 ; w 2 + t):
, then Z t (z 1 ; w 1 ; z 2 ; w 2 ) = W t (z 1 ; w 1 ; z 2 ; w 2 ) = (z 1 ; w 1 ; z 2 ; w 2 ), for all t.
We prove Lemma 2.1 at the end of this section. holds. Since X t is a C 1 ow and T 4 is compact, there exists a C > 0 such that property 2 holds for all t 0 2 R.
Choose T < minf1=4; 0 =Cg small enough so that W u k h; 0 (p 0 ; q) intersects fx 1 g T 2 in at most one point. We now show that v = (x 1 ; r 1 )+X t 0 (0; q?r 1 ) is in this intersection.
The unstable manifold W u k h (u) for k h through the point u is the set of points v such that lim n!1 d((k h) ?n (u); (k h) ?n (v)) = 0: One easily calculates that k h(f ?1 (x 1 ); g ?1 (q)) = k f g(f ?1 (x 1 ); g ?1 (q)) = k(x 1 ; q) = v;
and so k h ?1 (v) = (f ?1 (x 1 ); g ?1 (q)):
Hypotheses B. and C. imply that k h agrees with f g on the set fx 1 ; f ?2 (x 1 ); : : :g T 2 .
Thus, for n 1, k h ?n (v) = (f ?n (x 1 ); g ?n (q)); and The homotopy given in Proposition 2.5 is not unique, but the family of such homotopies is compact. For such a homotopy, the function t 7 ! t (1) de nes a curve in W c h ( (0)) from (0) to (1).
For f g, condition A. is the same as 1 ( (0) Step 1: Construction of h:
We may assume that < maxf 0 =2; 3 =2; 4 =2g. Let N = 25 as before. For i 2 f1; : : : Ng and j 2 f1; 2g, let x ij = p i0 ; p ij ] and y ij = p ij ; p i0 ]. The set B = N n=1 O(fp n0 ; p n1 ; p n2 ; x n1 ; x n2 ; y n1 ; y n2 g) is compact and its set of limit points is precisely S N n=1 O(fp n0 ; p n1 ; p n2 g). For i 2 f1; : : : ; Ng and j 2 f1; 2g, choose a neighborhood U ij of f ?1 (x ij ) in T 1 such that U ij \ B n ff ?1 (x ij )g = ;. U ij \ U lm = ;, if (l; m) 6 = (i; j). For i 2 f1; : : : ; Kg, and j = 1; 2, let ;t k
;t k
;t f g:
Since the neighborhoods U ij are disjoint and U ij \O(fp i0 ; p ij ; x ij ; y ij g)nff ?1 (x ij )g U ij \ B n ff ?1 (x ij )g = ;, we may apply Lemma 2.2 independently in each of these neighborhoods to conclude that there exist constants 1 > 0 and t 1 = =(K + 2) < 1=100, for some integer K > 0, such that the map h = h 1 ;t 1 is symplectic and has the following properties:
1. d C 1 (h; f g) < 2. For i 2 f1; : : : Ng, and for all q 2 T 2 , W u h; 0 (p i0 ; q) \ (fx ij g T 2 ) = (x i1 ; q + (t 1 ; 0)) if j = 1 and q 2 H (q i ) (x i2 ; q + (0; t 1 )) if j = 2 and q 2 V (q i ), 3. For i 2 f1; : : : Ng, j 2 f1; 2g, and for all q 2 T 2 , W s h; 0 (p i0 ; q) \ (fy ij g T 2 ) = (y ij ; q); W s h; 0 (p ij ; q) \ (fx ij g T 2 ) = (x ij ; q); and W u h; 0 (p ij ; q) \ (fy ij g T 2 ) = (y ij ; q):
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Step such that (q; 0) = (p 0 ; q), (q; 1=4) = (x 2 ; q + (0; t 1 )), (q; 1=2) = (p 2 ; q + (0; t 1 )), (q; 3=4) = (y 2 ; q + (0; t 1 )), (q; 1) = (p 0 ; q + (0; t 1 )).
Let f t (q; ) j q 2 H (q i ); t 2 0; 1]g and f t (q; ) j q 2 V (q i ); t 2 0; 1]g be homotopies through 4 { legged W u h , W s h { paths given by Proposition 2.5. These families of homotopies can be chosen to be continuous in q, t and on h in the C 1 topology. The maps (q; t) = t (q; 1) and (q; t) = t (q; 1) are paths in fp 0 g T 2 from (p 0 ; q) to 1 (q; 1) and 1 (q; 1), respectively. The diameter of each of these paths is bounded by 1=100, since d C 1(h; f g) < < 3 . Concatenating m of these paths 1 ; 2 ; : : : ; m with i (1) = i+1 (0) Proof of Lemma 2.1: We construct W t ; the construction of Z t is similar. Let g; h : R ! R be C 1 functions (g = g , h = h ) with the following properties:
h(x) = 0, for jxj > 4 2 , h(x) = 1, for jxj < 2 , For all x, 0 h(x) 1. and g(x) = x, for jxj < , g(x) = 0, for 2 < jxj 1=2, For all x, jg 0 (x)j < 1, g(x + n) = g(x), for all n 2 Z and x 2 R. De 
